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1. Introduction 

In this paper, we consider the relation between the simplest types of arithmetic theta series, those 
associated to the cycles on the moduli space C of elliptic curves with CM by the ring of integers Ok 
in an imaginary quadratic field k, on the one hand, and those associated to cycles on the arithmetic 
surface A4 parametrizing 2-dimensional abelian varieties with an action of the maximal order Ob 
in an indefinite quaternion algebra B over Q, on the other. 

To be more precise, let C be the moduli stack of elliptic curves {E, l) with Ofc action, so that C is 
an arithmetic curve over Spec(Ofc), [13]. Let L(E,l) be the space of special endomorphisms, i.e., 
endomorphisms j of E such that j o L{a) = L{a'^) oj for all a £ O^, where a is the nontrivial Galois 
automorphism of k/Q. Fix a fractional ideal a and elements A G d^^a/a and r G d^^/Ok, where d 
is the different of fc/Q. For a positive integer m, let Zc{m) = Zc{m; a, A, r) be the locus of triples 
{E, i, /3), where 

(1) {E, l) is an object in C{S) 

(2) /3 G L{E,L)a~^ is a special quasi-endomorphism such that 

(3) r + /3A G Ob := End{E/S), and 

(4) deg(/3) = 

Note that L{E, z.)a"^ is a lattice in V{E, l) = L{E, l) ®i Q and, for x G V{E, t), -x^ = deg(x) Ie- 
The special cycle Zc{m) is either empty or is a 0-cycle on C supported in characteristic p for a 
prime p determined by k and m. There is a corresponding generating function (see (2.10) for the 
precise definition) 

(1.1) ^c{r;a,\r)=^Zc{m,v)q'^, m = m/A(A) 

m 

for the images under the arithmetic degree map CH (C) — > M, of the classes defined by these 
0-cycles in the first arithmetic Chow group CH (C) of C. Here, q = e(r), t = u-\-iv £ S^, the upper 
half, and the divisor A(A) | A is given in (1.4). For positive m, Zc{m,v) = Zc{m) is independent 
of V. For m < 0, additional terms, depending on v, are defined in section 2. 

These cycles and generating series are generalizations of those defined in [13]. Lideed, when k has 
prime discriminant, the series (/>c(r; Ofc, 0, 0) coincides, up to a constant factor, with that of [13] 
and was shown there to be a (non-holomorphic) modular form of weight 1. 
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Also associated to the data (a, A,r) is a normalized incoherent Eisenstein series E*{t, s;a, \,r) of 
weight 1 and character % for ro(|A|), where x is the quadratic character associated to fc/Q. The 
analytic continuation of such a series vanishes at s = 0, and our first main result, which generalizes 
that of [13], describes the leading term there. 

Main Theorem A. Assume that 2f A. Then 

E*''iT,0;a,X,r) = -2Mr;a,X,r). 

In particular, 0(r;o, A, r) is a non-holomorphic modular form of weight 1. 

The second type of arithmetic theta series are associated to the arithmetic surfaces whose generic 
fibers arc Shimura curves over Q. For an indefinite quaternion algebra B over Q with a fixed 
maximal order Ob, the moduli stack Ai of abelian surfaces {A, l) with O^-action is an arithmetic 
surface over Spec(Z). This surface has a rich supply of divisors Z{t), t G Z>o, defined as the 
locus of triples {A,l,x), where x is a 'special' endomorphism of A with square x'^ = —t. Recall 
that such an endomorphism commutes with the given action of Ob and has trace zero. In [15], an 
extensive study was made of the classes defined by the cycles Z{t) in the arithmetic Chow group of 

CH {M). More precisely, for a positive real number v, there is a Green function f) for Z{t), 

and a resulting class Z{t,v) = {Z{t),'E{t,v)) G CH (A^). We refer the reader to [15] for more 
details. One of the main results of [15] is that, for t = u+iv in the upper half plane, the generating 

scries 

(1.2) ^{T) = J2^it,v)q\ 

t 

the arithmetic theta function of our title, is a (non-holomorphic) modular form of weight | and 

level 4D{B)o valued in CH (M), where D{B)o is the product of the odd primes at which B is 
ramified. Here, classes for t < are also included in the series^ . 

In the present paper, we suppose that embeddings 

fc A S M2(fc) 

are given, with i{Ok) C Ob- For an Ofc-lattice A C fc^, let Oa be the maximal order in M2(fc) 
which stabilizes A. For each Ofc-lattice A such that Ob = Oa Pi B, we define a morphism of moduli 
stacks 

Ja-C > M' = M Xgpec(Z) Spec (Ofc), 

corresponding to the functorial construction of an O^-module {A,l) from a elliptic curve {E,l) 
with CM by Ok given by the Serre construction, ^4 = A (g)Oj^ E. We assume that A and D{B) are 
relatively prime so that the base change M' of M. to Spec (Ofc) is again regular. Then there is a 
natural map 

and we abuse notation and also write 0(t) for the image of the generating series (1.2) under this 
map. The morphism j\ determines a map 

jl:CH{M')^CR\c), 

of arithmetic Chow groups, and our main goal is to determine the arithmetic degree of the pullback 
jy^((/)(r)) of the arithmetic theta series. The result is the following. 

^This scries was denoted in [15] by <^i(r); here we omit the subscript, since the genus two generating function 
02 (t) of [15] will play no role in the present paper. 
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Main Theorem B. Assume that 2 | A and that A and D{B) are relatively prime. Then 

d^gjUHr)) = E ^(^; ^) MD{B)t; a, X', r), 

tr(r)=0 

where, 

e{r;r)= ^ 

tr(a)=0 
a=r mod Oj^ 

is a theta series of weight ^ depending on r. Here a is a fractional Ok-ideal and X is a generator 
for the cyclic Ok-module d~^a/a determined by the embedding of into Ob, cf. Proposition 7.1, 
and X' is a twist of X, cf. Proposition 9.3. 

Such a relation is analogous to the following simple identity for classical theta series. Suppose 
that L is an integral lattice in a quadratic space (F, Q) and that an orthogonal decomposition 
V = Vo + V\\s given. Then, the classical theta series 

has a factorization 

(1.3) e{T,L)= e{T,Lo,ro)e{T,Li,n), 

where r = ro + ri runs over the cosets of L in the dual lattice L^, and Li = L n Vi. We expect 
that such relations will hold for the pullbacks of other arithmetic theta series and that they will 
be useful in applications to special values of derivatives of L- functions, just as the factorization 
formula (1.3) plays an important role in the study of special values of L-function. 

For example, as an application of our results, we can determine the pullback of the classes 

^(/) = {/,0)pet eCRiM) 

associated to a newform / of weight | on To{AD{B)o) via the arithmetic theta lift, [15], Chapter 
IX. We compute 

d^iA(^(/)) = (/,d^iA(^))Pet 

= Yl {f,0{r;r)MD{B)T;a,X',r))p,t 

tr(r-)=0 

Y {f,e{T;r)E{D{B)T,s;a,X',r))p,A • 

tr(r)=0 

Here the second line follows from the first by Main Theorem B while the third line follows from the 
second by Main Theorem A. The inner integrals in the last line are the Rankin-Selberg integrals 
studied by Shimura in his seminal paper [19] on modular forms of half integral weight, and they 
represent the Hecke L-function of the corresponding newform F of weight 2. In this way, we find 
that degj^(^(/)) is proportional to L'(l, F) -adAI, /), where a(m, /) is the m-th Fourier coefficient 
of /. We hope to give the details of this computation elsewhere. 
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There are still two restrictions in the present paper. First, we assume that A is odd. This is due to 
a certain lack of information about the local Whittaker functions, section 5, and could be removed 
with more calculation. The second restriction, that D{B) and A be relatively prime, arises from the 
fact that the regularity of the base change M' of the arithmetic Shimura surface M. to Spec (Ofc) 
is lost if there are primes dividing D{B) that are ramified in fc. This will result is a slight shift in 
the contribution of the arithmetic Hodge bundle that remains to be determined. 

This paper has been in progress for a long time. Hidden just below the surface are elaborate 
relations involving the genus theory of the field fc and its interaction with the arithmetic of the 
quaternion algebra B. Earlier versions were disfigured by complicated explicit computations with 

the genera. Thanks to the nice idea of Ben Howard about how to use the Serre construction in 
this situation, an idea he introduced in his lectures [7] at the Morningsidc Center in Beijing in the 
summer of 2009, we were able to eliminate these calculations in the present version. 

The second author would like to thank the following institutions for their support and hospitality: 
Max-Planck Institute for Mathematics at Bonn, University of Toronto, The AMSS and the Morn- 
ingsidc Center of Mathematics in Beijing, and The Tsinghua University. He did some work for this 
project while visiting these institutions at various time since 2006. The first author would like to 
thank the University of Wisconsin, Madison, for its hospitality during a number for visits during 
that time period. 

1.1. Notation. Wc write A for the adele ring of Q. We fix an imaginary quadratic field fc = Q(\/A) 
with discriminant A < 0, and let Ok be its ring of integers. Let x = Xfc/Q = (^j )a be the quadratic 
Dirichet character associated to fc/Q, and let d = ^fKO^ be the different. Let Cl(fc), /i^, and Wk 
be the ideal class group, the class number and the number of root of unity in fc respectively. 

For a fractional ideal a and an element A G d~^a/a, let 9a | 9 be the divisor of d such that A 
generates d'^^a/a. We write 

(1.4) A(A) = N{dx). 

Let il) = Y\il)p he the 'canonical' unramified additive character of Q\A such that ipoo{x) = e{x) = 

Part I 

2. The moduli problem and the incoherent Eisenstein series 

2.1. The moduli problem and special cycles. For our fixed imaginary quadratic field fc with 
ring of integers Ofc, let C be the moduli stack over Ok of CM elliptic curves (£/, <-) as in [13], to which 
we refer the reader for more details. For an Ofc-scheme S and a CM elliptic curve {E, l) G C(S'), let 

(2.1) L{E, i) = {j G EndiE/S) \ j o t{a) = i(a) oj, a G O^} 

be the lattice of special endomorphisms, and let V{E, i) = L{E, t) (8) Q. This Q-vector space is 
equipped with a canonical quadratic form Q{j) = degj. 

We now introduce special cycles that are a slight generalization of those defined in [13]. 

Definition 2.1. Fix a rational number m > 1, a fractional ideal a, an element A G d~^a/a, and an 
element r G d'^ /Ok- Let Z{m) = Z{m; o. A, r) be the fibcrcd category over Sch/Ofc that associates 
to an Ofc-scheme S the category Z{m;a,X.,r){S) whose objects are triples {E,i,P), where 
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(1) {E, l) is an object in C{S) 

(2) f3eLiE,L)a-\ 

(3) r + /3A G Ob := End{E/S), 

(4) deg(/3) = 

The morphisms in the category are O^-linear isomorphisms 4> : {E, l) {E', l') of elhptic schemes 
over S such that = f3. 

Remark 2.2. (i) Here /3 is an element of End^ (E/S) = End{E/S) Q and, in condition (3), we 
choose any representative of r in and of A in d~^a. 

(ii) The cycle Z{m; a, X, r) coincides with that defined in [13] in the case a = Ofc with r = A = 0. 

(iii) This particular generalization of the definition in [13] is motivated by the results about the 
pullback for cycles on Shimura curves that will be obtained in Part II of this paper. 

(iv) For any {E,i) in the Serre construction gives rise to an elliptic scheme E^ := a ^Oj, E 
over S with CM by Ok- Then, the element /3 can be viewed as an Ofc-anti-linear homomorphism 

/3GHom((E„,0,(£^,<:)), 

where {E,l) is the elliptic scheme E with Ofc-action given by l{a) = t(a). 



The same argument as in [13, Section 5] shows that this moduli problem is represented by a stack, 
still denoted by Z{m), whose coarse moduli scheme Z{m) is a finite Artinian Ofc-scheme which 
is only supported on primes non-split in k. It is clear that Z{m) is empty unless m is a positive 
integer and dr C d\. Here dr (resp. d\) is the divisor of d such that r (resp. A) generates jOk 
( resp. d^^aja). 

The forgetful functor defines a morphism of stacks 

pr :Z(m)^C, {E,i,^) ^ {E,l). 
Recall from section 5 of [13] that the Arakelov degree of Z{m) is defined to be 

d^ZM = El°g^(P) E_ |Autc(pr(x))| ^g(^) 

P j;eZ(m)(K(p)) 

(2.2) =;^El«g^(P) E 

P xe2(m)(K(p)) 

Here p runs over the primes of fc, k(p) is the residue field of fc at p, and lg(x) is the length of the 
local ring Oz{^^^^: 

(2.3) lg(a;) = length of Oz{m),x = length of dz(m),x- 

Remark 2.3. We choose a preimage A of A in 5~^o and f of r in For £ | A, denote by A^ (resp. 
rg) the image of A (resp. f) in d'^a'Si'^e (resp. d~^'S)'^e)- Then the condition r+/3X G Oe '■= End(£') 
is the same as 

re + (3Xe € Oe/ = Oe® '^i, for all i \ A. 
We write A (resp. r) for the adele with components A^ (resp. r^) for ^ ] A and elsewhere. 

The following scaling relation is immediate. 
Lemma 2.4. For a G fc^, there is an isomorphism 

Z{m; 0, A, r) Z(jn; aa, aX, r), {E, l, /3) i->- {E, t, f3 t{a)^^). 
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For a negative integer m < 0, we define an 'arithmetic cycle for C supported at oo' as follows^. For 
a CM elliptic curve {E, t) over C, let be the underlying real torus. As in (2.1), we define the 
lattice of special endomorphisms 

L(i?*°P, i) = {j G End(£;*°P) : j o .(a) = ^a) o j, aG O^}, 

equipped with a quadratic form Q{j) = —f-. It is easy to check that L{E*°p,l) is a projective 
Ofc-module of rank 1 and that the quadratic form Q is negative definite. 

Definition 2.5. Let Z*°P(m) be the category of triples {E,t,/3) where 

(1) {E,i)GCiC) 

(2) /3eL{E^°P,L)a-\ 

(3) r + pXe O^top := End{E^°P), 

(4) QiP) = T^- 

The forgetful functor defines a map pr : Z*°P(m) C(C) with finite fibers. We denote the set of 
isomorphism classes of objects in Z*°P(m) by Z*°P(m). 

For a negative integer m < and a parameter v G M^, we define a real valued function on C(C) by 

(2.4) Z{m,v)iE,L)=Z{m,v;a,X,r)iE,L) = Yl ^Six,v), 

pr{x)={E,i) 

where 

(2.5) lg(x,?;) = A(47r|m|t;) 
is 'length' of the x. Here, A(A) is given by (1.4) and 

/oo 

is the partial Gamma function or exponential integral. 

As in section 6 of [13], we view Z{m, v) as an Arakelov divisor on C. Its Arakelov degree is 

(2.6) d^Z{m,v)= V , / , ,„ lg(x,i;) = — /ji(47r|m|7;)| Z*°P(m) |. 

xei^M |A^tc(pr(x))| Wk 

Note that, for m < 0, the coefficient of 5'" in the generating function in [13] is /Si(47rf |m|) Wk p{—m) 
where Wk = 2. For comparison with this case, we note the following. 

Lemma 2.6. Suppose that A is a prime. Then, for a = Ok and r = X = 0, 

\ Z'°P{m) \ = Wkp{-m), 

where p{n) is the number of integral ideals of k of norm n. 

Proof. Suppose that E = C/b, and let : C/b — > C/b be the topological isomorphism given by 
complex conjugation. Then, for /3 G L(£^*°P, i) with Q{(3) = m, map ja°l3 '■ C/b — )■ C/b is Ofc-linear 
and holomorphic and thus is given by multiplication by some /3 G bb~^ with N{P) = —Q{f3) = —m. 
The integral ideal /3bb~^ C Ok has norm —m and lies in the ideal class [bb~^] = [b]^. As b varies 



^This construction is based on Gross's observation [13, Page 383] that should be viewed as the archimedean 
analogue of a supersingular elliptic curve, since its endomorphism algebra End(£'*°'') ~ M2(Z) is a maximal order in 
the quaternion algebra B ramified at 00 and 00, i.e., everywhere unramified! 
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over representatives for the ideal classes, so does [b]^, since the genus group is trivial for a prime 
discriminant, hence the claim. □ 



Finally, we define Z{0, v) to be the Arakelov divisor supported at oo with degree 

/-A'(l,x)-iA(l,x)log(^;) a re Ok, 
\0 if r^Ofc, 



(2.7) degZ{0,v) 



where'^ 

(2.8) Ais,x) = \A\-^L^is,x)L{s,x) 
is the complete L-function of x- Here 

L^{s,x) = 7r-'^rC-±^). 

Note that the constant term of the generating function in [13] is 

(2.9) -Wk{A'il,x) + lHhx) ^og{v)). 

With these definitions and for r = -u + w G i^, we define the generating function 

(2.10) ^{T;a,X,r) = d^Z{0,v)+ d^2{m,v) q"" + ^ d^Z(m)g™, 

where we have suppressed the dependence on (o. A, r) on the right side. 

The purpose of Part I is to prove that the generating function (/)(r; o, A, r) is a (non-holomorphic) 
modular form of weight 1 for some congruence subgroup of SL2(Z), and to identify it with the 
central derivative of an incoherent Eisenstein series. This is a generalization of the main result in 
[13]. Indeed, in the case |A| = q, a = Ok, A = r = 0, our (^(r, Ofc, 0, 0) is just l/wk times the 
generating function in [13]. The new idea is to use the Siegel-Weil formula to avoid some lengthy 
explicit calculations. 



2.2. Quadratic spaces and Eisenstein series. We briefly review some basic facts about the 
Weil representation and Eisenstein series for use in the rest of the paper, referring to [16] for more 
information. Let x be a quadratic character of A^/Q^. 

For a quadratic space {V, Q) of dimension n over Q with^ xv = X, ^6 obtain a collection V = 
{Vp}p<oo of local quadratic spaces, Vp = V <Siq Qp, and V^(A) = np<oo restricted product 

with respect to the collection of compact open subgroups Lp = L 0z ^p, for any lattice LinV. 

More generally, we can consider a collection V = {Vp} of local quadratic spaces with xVp = Xp 
for all p and agreeing with a coherent collection at almost all places^. The restricted product 
^{^) — np<oo ^^QT^ defined, and the collection V is called coherent (resp. incoherent) if the 
global Hasse invariant 

6(v) = n e(Vp) 

p<oo 

■^Note that we have added the factor |A| 2 here as compared with the convention used in [13]. 
^Recall that xv(a;) = ((— 1) = detV,x)A- 

^This means that there exists a global quadratic space V and isomorphisms : Vp Vp for almost all p. If 
{V' , {4>'p}) is another such collection, we require that 4>p^ o (f>'p : Vp Vp carry L'p to Lp for almost all p for some 
lattices LinV and L' in V'. 
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is +1 (resp. —1). In the coherent case, the collection V arises by localization from a global 
quadratic space, unique up to isomorphism. In the incoherent case, there are infinitely many such 
global spaces at 'distance one' from V. 

For a collection V and our fixed additive character i/j, there is a Weil representation uy^^ of SL2(A) 
on S{V{A)) = 0pS{Vp). It is given by 

<^v,i>inib))(p{x) = ip{bQp^{x))ip{x), b £ A, 
(2.11) ojy^^{m{a))(p{x) = x{a)\0'\'^'p{xa), a e , 

u;v,^{w~^)ip{x) = -f{V) / ip{y)'tp{-{x,y))dy. 

JV(A) 

Here 7(V) = HpTlH')' where 7(Vp) is the local Weil index [17], [9], an 8-th root of unity, and we 
write 

Let I{s,x) be the representation of SL2(A) induced from the character of the Borel subgroup 
B given by n{b)m(a) >-)• x{^) lal^"*"^- The induction is normalized in the standard way so that 
Re(s) = is the unitary axis. There is an SL2(A)-equivariant map 

$ : 5(V(A)) ^ I{so, x), $^(5) = coy,^{9M0), 

where sq = We denote the image of this map by -R(V), when V is incoherent, and by 

R{V), when V is coherent with associated global quadratic space V. Notice that for n = 2, 
the representation /(0,x) is unitarizable, the R{V)'s and i?(F)'s are irreducible, and there is a 
decomposition 

^(0,X) = (ee(V)=+l^(^)) © (©e(V)=-l^(V). 

For If G 5(V(A)), let = G I{s,x) be the associated standard^ section with ^{g,so) = 

^ip{g), and let 

E{g,s,(p)= J2 ^i9,s). 

7eB{Q)\SL2(Q) 

be the associated Eiscnstcin series. It is absolutely convergent for Res > 1, has meromorphic 
analytic continuation in s, and is holomorphic at s = sq. The Eisenstein series attached to G 
^("^^(A)) will be called coherent (resp. incoherent) if V is coherent (resp. incoherent). When Voo is 
positive definite, and (pooix) = e~'^'^^°°^^\ 

E{t,s,(p) = v~^E{g^,s,(p) 

is a (non-holomorphic) modular form of weight ^ for some congruence subgroup of SL2(Z), where, 
foi T = u + iv & M., the upper half-plane, gr = n{u)m{^Jv) . The Eisenstein series has Fourier 
expansion 

E{g,s,ip) = ^ Em{g,s,ip), 

and, for m ^ 0, 

Emig, S,^p) =Y[ Wm,p{gp, S, ifip). 
V 

Here, for any m G Q, 

^m,p(5p,'S>¥'p) = / %{w~^n{b)gp,s)tpp{-mb)db 

^This means that the restriction of $(s) to the maximal compact subgroup K = Koo Yip SL2(Zp) is independent 
of s. 
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is the local Whittaker function. The constant term is given by 

Eoig, s, if) = ^{g, s) + JJ Wo,p{gp, s, ipp). 

p 

Finally, when dimT^ = 2 and % = x^/q, we define the normalized Eisenstein series 

E*{t,s,<p) = A{s + 1,x)E{t,s,<p), 
and normalized local Whittaker functions 

Wm,p{gp, s, ifp) = \A\p 2 Lp{s + 1, X) Wm,p{gp^ (pp), 

for p < oo, and 

WCoo(t"> S, ifoo) = V~^L^{s + 1, x) Wm,oo{gT, S, ifoo)- 

For a finite prime p, we will frequently write 

(2-12) w:,^p{s,^p) = w:,^p{i,s,<fp), 

when gp = 1. 

Recall that the values at s = of coherent Eisenstein series are given in terms of binary theta 
series, a classical version of the Siegel-Weil formula, while all incoherent Eisenstein series vanish at 
this point. 



2.3. The central derivative of an incoherent Eisenstein series. We fix data o, A € d^^a/a 
and r G d^^/Ok as before. Let V = k with quadratic form Q{x) = —N(d^^a) N{x). Let V be the 
incoherent collection with Vp = Vp for all finite primes and with Vqo = Qoo{x) = N{d^^a) N(x). 
Recall that N{dx) = A(A), (1.4). 

Following [10], for a non-zero rational number m, let Diff(V, m) be the set of primes p where Vp 
does not represent m. It is clear that p G Diff(V, m) if and only if 



(2.13) xp{-m) 



—1 if p < oo 
1 if p = oo, 



where Xpi^) = (A,x)p. In particular, |Diff(V,m)| is odd. 
Let (f = (pa,x,r = £ S{V{A)), where 

char(a7^)(x) ifffAoo, 



(2.14) ipeix) 



char(a^ ^){x) ■ char(-r^ + Ok,£){xXi) if £\A, 

^-2nQ^{x) if^ = 00. 



Here is the image of r in {d ^ /Ok) Z^. Let E*{T,s;(p) = E*{T,s;a,X,r) be the associated 
normalized incoherent Eisenstein series. 

Our first main result is the following. 

Theorem 2.7. Assume 2 \ A. Then 

E*''(r,O;a,A,r) = -2 0(r;a,A,r). 

Remark 2.8. The assumption 2 | A is technical and is only made to simplify Proposition 5.5 below. 
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We will prove the theorem by comparing Fourier coefficients, i.e., by proving that, for each integer 
m = m/A(A), 

(2.15) E*^{t, 0; a. A, r) = -2 Z{m, v) g". 

For m < we will sketch a proof very similar to the case m > in Section 6. The case m = 
follows from the definition of Z{0, v) and the computation of the constant term of the Eisenstein 
series, and is left to the reader. The proof of the case m > can be divided into three parts. It 
is easy to show that Z(m) can only be supported at primes p non-split in k. First, in Section 3, 
we compute Z(m){¥p), for such a p. Using the fact that the class group Cl(fc) acts transitively 
on C(Fp), we can write this quantity as a theta integral, thereby avoiding a lengthy calculation 
involving genus theory that disfigured an earlier draft of this paper. This device is inspired by 
Ben Howard's lectures at the Morningside Center of Mathematics in Beijing, [7], in summer 2009. 
Using the Siegel-Weil formula, we see that Z(m)(¥p) is equal to the m-th Fourier coefficient of a 

coherent Eisenstein series E*{t, 0, V?(P)) (Theorem 3.6), which comes from a coherent collection V^^ 
differing from V exactly at p. In Section 4, we use Gross's canonical lifting to compute the length 
lg(x) for a point x = {E,L,f3) € Z{m){¥p), and proved that it depends only on m. Therefore, one 
has (Theorem 4.2 ) 

dig Z{m) = i cp(m) logp • E*^{t, 0; ^^p'^) 

for some number Cp{m) (basically lg(.x)) depending only on m. In Section 5, we first observe that 
the incoherent Eisenstein series E(t, 0; ip) and the coherent Eisenstein series E(t, 0; (p^^) are closely 
related — a general phenomenon (Proposition 5.1): 

W:^JO,p^Py)E*^iT,0;v) = W*^^p{^,pp)E*^{T,Q-p>^^^). 
Now all we need is to prove 



which we do in Section 5 by explicit calculation 



2.4. Variants. Many variations are possible. For example, on the geometric side, Bruinier and 

the second author, [2], consider a slight different moduli problem with a different motivation as 
follows. Let b be a fractional ideal of fc, and let L = b be equipped with the integral quadratic 
form Q{x) = —j^^-, so that its dual lattice is L' = d~^b. For G V /L and m G Q>o, we consider 
the moduli stack Z{m,ii; b) over Ofc representing triples {E, l,/3) such that 



(1) {E,l) is a CM elliptic curve as above, 

(2) P G L{E, i)d-H = L{E, i) 0z L', 

(3) n + l3eOEb. 

(4) deg;3 = miV(b). 



For 2 I A, choose a generator A of b ^/b ^d. Then it is easy to see that 
(2.16) Z{m,fi]h) = Z(m|A|;ab"S A, A;u). 

So Theorem 2.7 immediately gives the following result that was used in [2], Theorem 6.4. 

Corollary 2.9. Let V = k with quadratic form, Q{x) = —N{b)~^N{x) as above, and assume that 
2 { A. Let V'' be the incoherent collection with V\ = V(, at all finite primes £ and with = /cr 
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with Qoo{x) = N{b)'~^N{x). Let L = b and view L as a lattice in V^(Aj). For jjl G L' /L, let 

(j^f" = char(/x + L)e~^''^ G S{V^). 

Then 

Here Z{m, ^,v;b) = Z{m,ijL;b) for m > as above, and is defined to be Z[m\A,v\;db~^,\,XijL) 
for m < 0. 

In [2], this theorem is derived from a result in an early version of this paper. This theorem implies 
that 

(Pl{t)= (/?^(T)char(/i + L) 

is a vector- valued modular form for SL2(Z) with respect to the Weil representation [2]. 

3. Counting 

We fix data o, A G d^^a/a, r £ d^^/Ok and m G Q^q as before, and we recall that the cycle 
Z(m) = Z(m; a, X,r) has support in the non-split primes of Ok- In this section, we express the 
quantity \Z{m){¥p)\ as a Fourier coefficient of a coherent Eisenstein series. 

We fix a non-split prime p and choose a supcrsingular CM elliptic curve {E, l) over ¥p. Then 
the space of special endomorphisms = V{E, l) is a one dimensional fc-vector space with a 
positive definite Q-valued quadratic form Q{j) = degj. Define tp^ = 'Sieiff G S{V^{A)) with local 
components 

{char{L{E,i)aJ^){x) if^fAoo, 
char(L(£;, i)aj^){x) ■ ch&i{OE,i){rt + x>^t) if ^1 A, 
e-'^'"^''sx if£ = oo. 

Here and are defined in Remark 2.3. Thus, writing (p^ for the finite part of 99^, wc have 
(pf{P) 7^ for /3 G V^{Q) = V{E,i) precisely when P satisfies conditions (2) and (3) in the 
definition of Z(m). 



Proposition 3.1. 



|Z(m)(F,)|g^ = -^i?^(r,0;<p^). 

4 



Proof Let H = SO(F^), so that H{Q) = k^, and let dh be the Tamagawa measure on H{A), so 
that vol{H{q)\H{A)) = 2. Let 

be the theta kernel, and let 



I(t,<p^)= [ 9{T,h,ip^)dh 

Jh(Q)\H(A) 



be the associated theta integral. Then the Siegel-Weil formula asserts [11, Theorem 4.1] 

I{t,p'') = E{t,0;p^). 
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On the other hand, a simple calculation gives 

a;eyB(Q) 

so that 

xeV^{<Q),degx=m 

and 

Im{r,<p^) = [ em(.r,h,ip^)dh 

JH(Q)\HiA) 

= vo\{H{R))q'^ [ V ipf{h-:^x)dh 

Let n{t) = ti-^ be the map from to H{Q). It induces an isomorphism 

ci(fc) = kx\kl^/d^ - H{q)\H{Af)/7:{d^). 

Recall [13, Section 5] that Cl(fc) acts simply transitively on C{¥p) via the Serre construction. For 
a finite idele t G fc^^ , wc write t.E = (t) 'SiOjf. E, where (t) is the ideal 'generated by' t. For any 

t G , one can check that 

^f{7r{t)x) = ^f{x), 

and thus we have 

xgyS(Q),degx=m [t]eCl(fc) 

for some constant C. Now ip^{Tr{t)~^x) = 1 or 0, and is 1 if and only if 

Tr{ty^x e L{E,i)a~\ r + Tr{t)~^x e Oe, 

or, equivalently, 

X e Tr{t)L{E, L)a~^ = L{t.E, i)a~\ r + PX e tOEt~^ = Ot.E- 

Thus we have 

I^,{r,^'')^~'^=C E E 1 

MeCl(fc)x6L(t.E,(,)o-i 
r+x\eOt.E 

= C\Z{m){¥p)\. 

To determine C, replacing the theta function in the formula involving defining C by 1, one sees 
that 

2=1 dh = C y2 1 = Chk 

JHm\H(A) ^^cj(^) 

and 

A(l,x) = |A|57r-iL(l,x) = — . 
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So = ^ 



A(l,x), and 




as claimed. 



□ 



The next step is to rewrite the Eiscnstcin series here in terms of data that does not involve the 
choice of (E, l). Recall that Oe = End(£') is a maximal order in the quaternion algebra B ramified 
at p and oo, and that, [13], pp. 376-378, we can write L{E, l) = bb~^ Vq 5 for a fractional ideal b 
and a certain auxiliary prime ideal Vq \ Po which is split in k. Here 5 G B with L{a)S = 5i(a), and 
S'^ = K, with K = —pop if p is inert in k and k = —pQ if p is ramified in k. Moreover x^(k) = 1 for 
i ^ p and Xp('^) = ~1- The following result is an easy consequence of this. 

Lemma 3.2. {Howard [7]) Write L{E, l) (giZi = Ok,i with Sj = Ki e Z^. 

(1) If I ^ p, bi can he chosen so that ki = 1. 

(2) For i = p, (A, Kp) = —1 and oidpUp = 1 or depending on whether p is inert or ramified in k. 

The maximal order Oe can then be described locally as follows, cf. [4], and Proposition 7.1 below. 
Lemma 3.3. Let the notation be as in Lemma 3.2. 

(1) When £ is ramified in k and i p, 5^, satisfying the conditions in Lemma 3.2, can he chosen 
so that 



When ^ < oo, the local isomorphism is given by d^x ^ x since t) (8) Z^ = 5^0^/. Under this 




Oe/ = {a + I a, /? G tc7p9p \ a + iipj3 € Ofc,p}. 



Here Wp is a uniformizer in kp. 



These two lemmas allow us to identify the coherent collection associated to as V^^ = {V^^*''*} 
for f/^^ = ke with Qi{x) = hN{x) where 



-1 if£|poo, 
= < -i^p if ^ = p, 
1 if£ = oo. 



v 




Notice that (p^'^^ does not depend explicitly^ on the choice of {E^ i). The above argument gives 



(3.3) 



E{t,s-p>'') = E{t,s-(p^)). 



The only linkage is through the element jip. 
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To obtain our result in final form, we rescale slightly. 

Lemma 3.4. Let Vi =¥2 = V be a vector space over of even dimension n, with quadratic forms 
Qi{x) = aQ2{x) for some a G Q^. Let ip G Siy) = S'(Vi), and let <I>j G L{s^x) be the associated 

standard sections where x = XVi = XVi = ^ det VJ, )^. Then the corresponding Whittaker 

functions have the following relation 



7(^2) 

Here sq = and the convention of (2.12) is used. 



Proof. This follows from simple calculation using (2.11). Write w = q)- Then 

Wm,e{sQ,^i)= / Luviiw~'^n{b))(p{0)ij{-mb)db 
jQt 

= 7(^1) / / 0JVi{n'{b))(p{x) dviX ijj^—mb) db 

jQt Jv 

= 7(Fi)|o|| / / ijj{bQi{x))(p{x)dv2X'ip{-mb)db 

= 7(Vi)|a|| ^ / / 'ip{bQ2{x))ip{x)dv2Xtlj{-a~^mb)db 

7(V^) 

as claimed. Here dy. is the Haar measure on Vi self-dual with respect to quadratic forms Qi. □ 

Proposition 3.5. Let Vi = iV,Qi) and V2 = (F, (52) be positive definite quadratic spaces over 
Q of even dimension n with Qi = aQ2 for a G Q>o- ^ ^ ^^i^f)) — ^(Vi^^f))- 
Vi,oo G fi^ooix) = e~^'^'3i(2^) Gaussian, and let <l>j G I{s,x) be the standard section 

associated to (fi^oo <8) <^ G S{Vi{A)), where x = XVi- Let sq = Then 

n-2 



Eam{T, so; $i) ^"""^ = a" E^ir, so; $2) q-"", 

i.e., the {am)-th Fourier coefficient of E{t,0;^i) is the same as the m-th Fourier coefficient of 
E{t, 0;^2), up to a constant multiple. 

Proof. When 0, one has by Lemma 3.4 

Eam{T,So;^l) = Warn ,00 Vi SQ) {so; ^i,e) 

e<oo 

= W^am,oo(r,S0,fl,oo) H T^l^lT^ 11 ^-,^^0,^2,^). 

e<oo '^^ 2'^'' e<oo 

Recall from [13, Propostion 2.6] that $i,oo(s) = ^2,oo(s) is the normalized eigenfunction of weight 
§ and 

Wam,oo{T, Sq, $i,oo) = Wam,oo(.T, So, $2,oo) = Wm,oo(.r, So, $2,oo) Q"'"' Q"^ ■ 

Recall also [17] that 

n l{V-u) = W 7(F2,,) = 1. 

£<oo l<oo 

Since 7(^1,00) = 7(^2,00)) we have proved the proposition for m 7^ 0. The case m = is similar and 
is left to the reader. □ 
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For a e Q>o, let V^'"^ be the coherent collection with V.^'"^ = ke and Q^(x) = p^'"^ N{x), where 



(3.4) 



—a \i l\ poo, 
a if £ = oo, 
— KpG \i £ = p. 



Here G Zp with (A, np)p = —1 and ordpKp = 1 or 0, depending on whether p is inert or ramified 
in k. 



Let (p^'"^ = ^e'p'f'''^ e S{V^p^°-\A)) be given by 
(3.5) 0f'''\x) = { 



'char(a^ ^)(x) if^fAoo, 

char(o7^)(x) • char(-f^ + Ofc,^)(a;A^) if ^ | A, £ 7^ p, 

char(ap ^)(x) • char{wpdp^){xXp) ■ char(— fp + Ok^p){iJ,pxXp) if ^ | A,£ = p, 

^-2nQ^{x) if £ = 00. 



In the special case where a = N{d^^a), we write V^p'^ = and ip^^ = ipM. The main result 

of this section is the following. 

Theorem 3.6. Assume that p is non-split in k. For any a G Q>0' 

\Z{m){¥p)\q^ = '^E\rr. (r, 0; (^(^''")). 



In particular, for a = N{d^ ^a), and m = 



|Z(m)(Fp)|g"' = ^E;,(r,0;y(^)). 



Proof. Noting that (f>^^ = (p^'^\ we have, by Proposition 3.5, (3.3), and Proposition 3.1, 

^ am f m 

E^'am (t, 0; (p^'^'h = E*m (r, 0; 0^^) 

N(a) N(a) 

= E*_^{r,0;^^)q-'f 
= ±\Z{m)i¥p)\. 



□ 



Theorem 3.6 immediately implies 

Corollary 3.7. If Z{m;a, X,r) is not empty, then it is supported at exactly one prime p, and 
Diff(V,m) = {p}. In particular, |Diff(V, m)| > 1, then Z {m; a, X, r) is empty. 



4. Computation of the length 



We again assume that m > 0, and, for fix a prime p that is not split in fc, let Op = Ofc ®2 Zp, and 
let TT be a uniformizer in Op. For x = {E, l,/3) G Z{m){¥p), we want to compute the length of the 
local Henselian ring Oz(m),x' 

(4.1) lg(x) = length of Oz(m),x = length of dz{m),x- 

Recall, [5], that Oc^pr{x) = ^Opi^p), the ring of relative Witt vectors. 
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Proposition 4.1. Let the notation be as above. Then 

where 

'i(ordp(m) + l) ifp]A, 



V = yp(rn) 

In particular, \g{x) = i'p{m) depends only on ordpm and A. 



2 V^^^PV 

ovdp{mN{dd7^)) ifp \ N{d). 



Proof. The point x corresponds to a collection {E,l,P) over Fp for a special quasi-endomorphism 
(3 G L{E, L)a-^ with N{a)N{l3) = m, and r + /3A G End(£;). 

Let X = E\p°°] be the p-divisible group of E. Then r + /3A determines an endomorphism ^p = 
(r + /3X)p of X. Gross's result, [5, Proposition 4.3], determines the deformation locus of {X,L,^p) 
inside that of {X,l) as SpiWop{¥p)/{7T''), where 

u = ^{oTdpiANi^p))-l) + l. 
Jp 

Here fp = [k{p) : Fp], and ^~ = /3Xp is the component of ^p in Skp. So 

N{^p) = iV(/3A) = ^iV(aa,-i) = m, 

and 

^_ U{ovdp{m) + l) ifpfA, 
\ordp(mAA(A)-^) if p | A, 
as claimed. □ 

Combining this proposition with Theorem 3.6, we obtain the following intermediate result. 

Theorem 4.2. For a positive integer m > with Diff(V, m) = {p}, and any positive rational 
number a > 0, then 

— am \ f ^ 

degZ{m)q^ = -Cp(m) log p ■ (r, 0, y^^*''")). 

Here 

jordp(m) + l ifp\/S., 



Cp{m) 



ordp(mAA(A)-i) if p \ A. 



5. Whittaker functions and their derivatives 



Proposition 5.1. Suppose p e DiSiV , -^^) . Then 

W^,p(0, ^}^)E*^{t, 0, <p) = W^[^{0, ^p) E*^{t, 0, ^(f)). 
Here (f is defined in (2.14) and ip^) is defined in (3.5). 
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(p) (p) 

Proof. Notice first that Vi = as quadratic spaces and (^^ = (p^ for all i ^ p. Since p G 
Diff(V,m), W^^j,{0,ipp) = 0, and so 

W^m,p(0,#)^^'(r,0,¥') 

e 

□ 

To compute the central derivative of the Whittaker functions, we need the following few lemmas, 
whose proofs can be found in [8]. Special cases can be found in [13], [21], and [16]. 

Let K be a ;?-adic local field, and let L be a quadratic extension (including K Q K) with associated 
quadratic character x- Let tpK be a fixed unramified character of K. For t G Ok, t ^ 0, let 
Vt = {L,txx) be the corresponding binary quadratic space, and, for fi G d^j^^ ~ char(/Lt + 

Ol) G 'S'(^)- Let TT be a uniformizer of K and q = \0k /t^I- Let 

w:xs,<t>n = \dL/K\'^L{s+i,x)Wm{s,r) 

be the normalized Whittaker function. 

The following is well known, see for example [13], [21]. 

Lemma 5.2. Suppose that L/K is unramified and that t G O^. If m ^ Ok, then W^(s,0°) = 0. 
If m E Ok, then 

ord/f "I 
r=0 

In particular, W^{0,(ffl) = if and only «/x(m) = — 1 and ord^^m is even, and, in this case, 

7^)"' W^;.''(0,/) = ^(l + ordxm)logg. 

Lemma 5.3. ([8, Lemma 4.6.3]) Suppose that L/K is ramified, and let N = oid-Km, c = ord^fi, 
and X = . 



(l)Ifmi Ok, then W^{s,^^^) = 0. If m e Ok, then 



iw* AO. _ / 1^1(1 - X) Y.n=o{qXT ^fN<c, 



m - X) En=oiQXr + [X^ + x{tm)Xf+^) ifN>c. 
(2) Suppose that m G Ok, m ^ 0, then 

11 + x(mi) if N > c. 
In particular, Wm{0,<f)f) = if and only if N < c or xi^i^) = case 

'9-^En=o9" ifN<c, 



7(^t)-' W^;.''(0, = log g 



^^^ + {N + f-c) ifN>c. 
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Lemma 5.4. ([8, Lemma 4.6.4]) Let the notation be as in Lemma 5.3 and assume that p ^ 2 
and that fi ^ Ok- If m ^ tjip. + Ok, then W^(s,0^) = 0. If m & t/ip, + Ok, write c{m,fj,) = 
ord,r {fn — tjxp) . Then 

MVA-^ W*is 6i'\ = [^^^^^~ ^o<n<c{m,^) ilXr, if c{m, /i) < c, 
In particular, W^{0,(f)f) = if and only if c{m,ii) < c. In this case, 

7(V^t)-'<(o,</'r) = |t|iogg Yl 

0<n<c(m,/i) 

Proposition 5.5. Let m > be a rational number, and assume that p G DifF(V, m). 
(1) Suppose that p is inert in k. If m ^ "Lp, then W^ p{s,ip^^) = 0. If m E "Lp, then 

W^,p{Q,^p) 1 

= — -(1 + ordpm) logp. 



(2) If p ^2 is ramified in fc and Vp ^ Ok,p, 

V'^^^) = 0, and W^^pis, ^p) = 0. 

(3) Suppose that p ^2 is ramified in k and that rp € O^^p. If m. ^ Zp, then W^^p{s,(p^^) = 0. // 
m & Zp, then 

£r = -:^ordp(miV(a5;^ ')) logp. 



(4) In all cases, 

1 

2 

where Cp{m) is the number given in Theorem 4-2. 



Proof. First assume that p f A is unramified in k. Then we can choose a G Op with Nk^_^/q^a = 
N{ad^^) in . So x xa gives an isomorphism of quadratic space Vp^'^ = {kp, —A^{ad^^)xx) 
to Vp = {kp,—xx), under which, ipp = char(ap^) becomes (pp = char(Ofc,p). Then, by Lemma 5.2, 
noting that ordp^^ = 0, 

livjP^r' W^^pis, Vp) = jiVp)-' W^^pis, (pp) 

0<r<ordpm 

For the same reason, x i-^ xa gives isomorphism of quadratic space V^'' = {kp, —KpN{ad''^)xx) to 
Vp = {kp, —Kpxx), under which, ipp''' = char(ap ^) becomes ifp'^ = char(Ofc,p). So Lemma 5.2 gives 

liVp^Y' W-m,p(0, = 7(Vp)-' W^^piO, <^W) = char(Zp)(m). 

Here we have used the fact that p G Diff(V, m), which imphes that Xp{^) = ~1- So W^p{0, ^Pp'^) 7^ 
if and only if m G Zp, and, in this case, we have 

^W'm.plO, fp) = -1(1 + ordpm) logp. 



W^^piO,^^,' 
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where the negative sign comes from the fact 

Next, we assume that p 7^ 2 is ramified. Then dp = zuOk^p, and so 

ip^\x) = char(a~^)(x) • char {wpd^^){xXp) ■ char(— fp + Ok^p){fipxXp) 

{0 if ordprp < 0, 

char(Ofc^p)(xAp) if ord^rp = 0. 

On the other hand, 

ipp = char(Op ^)(x) • char(-fp + Ofc,p)(xAp) 

{char(a~^)(a;) • char(— fp + Ofc,p)(xAp) if ordprp < 0, 
char(Ofc,p)(a;Ap) if ordprp = 0. 



To prove (2), we first assume that rp ^ Ok,p- This imphes that Ap generates dp ^Op, i.e., that 



p\A{X). In this case, x 1— t- xXp gives an isomorphism from Vp to (fcp, ^ xx), under which tpp 



becomes (pp = char(— fp + Ok^p). Set t = note that ordpt = 0. Lemma 5.4 shows 

that W^^p{s, (fp) = unless 

m - t(rpfp) G Zp, 

which is impossible since p G Diff(V, m). 



between Vp and (fc, ° ^ xx), under which ipp becomes char(Ofcp). Set t = ^ G . Then 



To prove (3), we next assume that rp G Ok,p- In this case, the map x 1— t- xXp gives an isomorphism 

\p 

Lemma 5.3 shows that W^^p{s, (fp) = unless m G Zp. In that case, the same lemma shows that 

W:^^piO, ^p) = ordp(mA) logp, 

and 

l{Vp^Y'W^^piO,^^^) = 2. 
Since 7(Vp) = —^(Vp^^), the proposition is proved. □ 

Proof of Theorem 2.7 for m > 0. Wc may assume that m is an integer and Diff(V, m) = {p}, 
since otherwise both sides arc zero. Furthermore, we assume rp G Ofc,p and m G Zp, since otherwise 

both sides are zero by Proposition 5.5. Under these conditions, W^^p{0,ip^p^) 7^ by Proposition 
5.5. Now Theorem 4.2 with a = N{ad^^) gives 

dii Z{m) = i cp(m) E*^{t, 0, p^^). 
On the other hand. Propositions 5.1 and 5.5 give 

= -^Cp{m)E*^'{T,(},if) 
= -2deg2:(m) q"". 

as claimed. 
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Remark 5.6. Instead of V and (p, we can use V^"^ and (p^"'^ for any rational number a > 0. The 
only problem is that the identity 

^ o Cp(m) logp 



JV{o)''^ 

is not true in general. One can fix this by using a modified Eisenstcin series, as was done in [15]. 
Let S be the set of primes dividing either the numerator or denominator of then there are 

holomorphic functions Cp{s) with Cp(0) = and coherent Eisenstein series E*{T,s,ip^^'') such that 
the modified Eisenstein series 

Eir, s, <^W) = E*iT, s, <^('^)) + ^ Cp{s)E*{T, s, <^(f)'') 

pes 

satisfies 

degZ{m;a,X,r)q^ = fr. 0. y^"^'). 
6. The case m < 

In this section, we prove Theorem 2.7 in the case m < 0. This case is simpler than the case m > 
since the 'length' is artificially defined to be independent of the 'points' {E,L,f3). The calculation 
of |Zc(m)| can be dealt exactly the same way as in Section 3, so we only give sketch of the proof. 

Let = {kA,—N{ad^^)xx) be the coherent quadratic space over A. Notice that differ 

from V at exact the prime oo. 

We define (^(°°) =Yl'p'r^ ^ S(y^°°^) as follows. 

char(a7^)(x) if£fAoo, 
char(a7^)(x) • char(-f£ + Ok,i)ix\i) if i\A, 

^-2nN{ad^^)xx if £ = OO. 



3.1) 



Then we have 
Proposition 6.1. 



\Zc{m)\q'^ = ^E*^{T,0,^'^°^^). 



Proof, (sketch) Fix (E, l) = ((fc (g)Q R)/Ofc, i) G C(C) with the fixed embedding of k into C giving 
the complex structure on fc (^q R. Let jo(r x) = f x. Then jq G L{E^°^,i), and Jq = 1. 
Moreover, L{E^°'^,i) = joOk. Since Cl(fc) acts on C(C) simply transitively, the rest is exact the 
same argument as in Section 3. □ 

Proposition 6.2. (1) For m < 0, one has 

W^,ooir, 0, vt^) E*^{t, 0, ^) = W^^^plr, 0, E*^{t, 0, ^(~)). 
(2) For m<0, W^^^{r, 0, cpt^) ^ 0, and 

- --^i(47r|m|?;). 



^^^,oo(r,0,</:.(^)) 2 



ON THE FULLBACK OF AN ARITHMETIC THETA FUNCTION 



21 



Proof. (1) is exactly the same as Proposition 5.1. 

(2) Notice that t4°°^ = -Voo- Thus, as in Lemma 3.4 and [13, Proposition 2.6] 

By the same proposition, one has 

This proves (2) since 7(Voo) = — tCkIT'^). 

Proof of Theorem 2.7 for m < 0. Now the proof for the case m < is the same as that of 
m> 0. We leave the details to the reader. □ 

Part II 



7. Mjiximal orders and optimal embeddings 



In this section, we summarize the results we need concerning maximal orders in a quaternion algebra 
B over Q with an optimal embedding of Ok- Of course, some of this material is rather classical 
and well known, [6], [3], [4], but we need certain detailed information for which we found no good 
reference. In this section, we do not assume that B is indefinite. 

Let A be the discriminant of Ok, and let x be the Dirichlet character associated to k. Let D = D{B) 
be the product of the primes that ramify in B and write D{B) = DqDi, where Di is the product 
of the primes which ramify in both k and B. The primes dividing Dq are all inert in k. Let d be 
the different of k/Q and let di \ d be the factor with N{di) = Di. Write d = 8182, and note that, 
if 2 is ramified in both B and fc, then di and 82 are not relatively prime. Let A2 = N[d2)- 

Fix an embedding i : k-^ B and write 

(7.1) B = k+k5, with 6^ = K e Q"" , 

where 6 a = aS for a G fc. The clement 5 is unique up to scaling by an element of fc^ . Note that 
{k, A)p = inVp{B). We write [a, /3] = a + /35 and obtain an embedding 

(7.2) B^M2{k), [a, (5] ^ ' " 
Note that we have an isomorphism 

(7.3) B^h?, [a,l3]^ 
equivariant for the left action of B and such that 

[a,P] [ao,0] ao 



kP a 
a) \kP a) \1 

a 

i.e., conjugate linear for the right action of fc. Note that this action is the restriction to 5 (g) fc of 
the action oi B ® B on B defined hy h\ ® 1)2 ■ x ^ h\ xh2- 

Let MaxB(Ofc) be the set of maximal orders Ob in B with i~^{OB) = Ofc- Such orders can be 
described as follows. Consider pairs (a. A) where a is a fractional ideal with 

(7.4) N{a) = Ac^, 
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and A is a generator of the cyclic Ofc-module 82 a/ a such that 

(7.5) N{\) = Kindq^N{a)/N{a). 
For a given pair (0, A) , let 

(7.6) Oa,A,B = { [a,/3] I a G 82^, /3 G oT^ , a + A/3 = in 82^/01, }. 

The following result is a slight generalization of the description of maximal orders given [3] and [4] . 

Proposition 7.1. (i) Oa,\B is a maximal order in MaxB(Ofc). 

(ii) Every maximal order in MaxB{Ok) hos the form Ob = Oa.x^B for some a and A. 
(Hi) The finite ideles^ A^^ act on the set Maxs(Ofc) by conjugation, 

Ob ^ bOBb~^ = bdBb-^ n B, 
where b G ^ and Ob = Ob ®z ^- Explicitly, 

bOaXB b'^ = Oa^^Xt„B, 

where 

ab = bb~^a, and A5 = 66 ^A, 

and b is the fractional ideal determined by 6. This action is transitive, 
(iv) Suppose that 5 is replaced by 5' = PqS, for Po E . Then, 

Ob = Oa,X,B = Oa',X',B 

where a' = Poa, and X' = PqX. 
Let 

(7.7) A(a, A2) = { A G 82^a/a \ A a generator, iV(A) = k in A~^Ar(a)/Ar(o) } 

be the set of possible choices of A. For a place w \ 82, let A^ be the image of A in (5j^o/o)«,. 

Lemma 7.2. (i) For each w \ 8, with w f 81, there are two choices A^ and w^'^w^Xw of the local 

component X^ G (9^^a/a)^ of X. Here Ww is a local uniformizer at w. 

(ii) If w \ 82 and w \ 81 {i.e., w \ 2 is ramified and 2 | Di), then there is a unique choice of X^. 
(Hi) In particular, 

|A(a,K,A2)| =2''(^)-<'('°i) 
where o(A) {resp. o{Di)) is the number of prime factors of A {resp. Di). 

Note that for a odd place w, the possible local components are just itA^^. For | 2, an elementary 
calculation gives the result. 

Given a maximal order Ob G MaxB(Ofc), we will be interested in Ofc-latticcs A in fc^ that are 
stable under the action of Ob C M2(fc). Note that, for such a lattice A, wc have Ob = 30 0\, 
where 0\ C M2(fc) is the maximal order stabilizing A. Under the isomorphism (7.3), such lattices 
correspond to left O^-ideals that are stable under the right action of O^. The finite ideles A^^ act 
on the set of such ideals by right homotheties, 

/^/•6 = /-6nB. 



'imbedded in {B (g) Aq_/)^ via i 
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Since the right order of such an ideal is again an element of MaxB(Ofc), part (iii) of Proposition 7.1 
implies that every A? -orbit contains a two-sided Ob ideal. For a subset S of the set of primes 
dividing Dq, let 

pes 

where V is the two sided Os-ideal with V'^ = pOs- Then the /5's are a set of representatives for 
the j-homothety classes. In particular, there are 2"'^^"-' such classes. Let A5 be the image of Ig 
under the isomorphism (7.3). Then Aqb '■— -^0 the image of O^. 

Any Ofc-lattice in fc^ has the form Aq, where Aq = 0| and g G GL2(Afcj). Choose a finite idele 
a with oTdyj{ o?j — ord^(ci) for all and an adele A with components A^^ having image in 
{82 ci/a)^, for w I 82 and A^ = otherwise. We will sometimes write Oa,x,B in place of Oo,A,s- 
Then a short calculation shows that, for Ob = Oa,x,B, 

(7.8) Aos=gAo, where g = a 

8. Morphisms Ja ■ C — > M 

In this section, we suppose that an indefinite quaternion algebra B with a fixed maximal order Ob 
and an imaginary quadratic field k = Q(\/A), with an embedding i : Ok — >■ Ob are given. If A C -B 
is a left Oe-ideal which is stable for the right action of Ok, we view A as an (g)^ Ofc-module by 
the rule^ 

(8.1) (6 (g) a) : x>-^ bxa. 

Then there is a functor, given by Serre's construction, [18], [20], E ^ A = K^Ok^i from elliptic 
curves {E,l) with Ok action over an Ofc-scheme S to Os-modules {A, lb) over S. 

Fix an element 5 as in section 7 and hence an identification S ~ fc^ as in (7.3). Let Aq C .B be the 
free Ofc-module corresponding to 0| C Ap. Then there is a natural quasi-isogeny 

(8.2) Aq = Aq^Oj^E ^ a E = A, 
and Aq = E Xs E. 

Lemma 8.1. The Ob -module ^ = A (go^ E satisfies the Drinfeld special condition or Kottwitz 
condition (3.1.2) in [15]. 

Proof. The action of Ok on Lie(£'/S') satisfies 

char(/,(a)|Lie(E))(r) = T - i{a) G Os[T], 
for a G Ofc ^ Os- Thus, for ^ G M2(0fc), 

char(40|Lie(£^ x E)){T) =T^ - tr(i(0)r + det(i(0) € Os[T\, 
and, hence, for 6 G Os, 

char(t(6)|Lie(y4))(r) = - tr(6)r + v{h) G Os[T], 
as required, since this formula is unchanged under the quasi-isogeny from Aq io A. □ 

''The a occurs here due to the conventions of section 7 above. 



(a J- 
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Thus there is a morphism 



JA-C 



M 



of moduli stacks. 



Let Oa = Endo^(A) be the stabihzer of A C fc^ in M2(fc). 
Lemma 8.2. For A = A E, Endo^(A/S') = Oa- 



Proof. By functorial properties of the Serre construction, there is a natural map 

Oa Endofc(A/5), (t)^(i)®lE, 



and 



Endofc(^/S) = Endofc((A ^o^ E)/S) ~ Oa ®Ofc ^r,do^{E/S) = Oa- 
since ¥.ndo^{E/S) = Ofc. 



□ 



Note that for any a G j there is a functor Fa '■ C — > C given by E H> (a) ®Ojij E. Then, keeping 
in mind the conjugation in (8.1), we have the relation j'ao = jAO-fs- Thus we need only consider the 
morphisms Ja for A in the set of representatives for the ^-homothety classes of lattices described 
in the previous section. 

Next suppose that / is a two-sided Og-ideal. By a (slightly noncommutative) analogue of the Serre 
construction, there is a functor 

Fi :M — > M, A\-^ I (g)Os A, 

where the action of O^ on / ^ arises from its left action on I. Then, for any A as above, we 
have jiA = Fi o Ja, since /A ~ / (gj^^ A. 

As a consequence of the previous observations, we can and do assume from now on that A is the 
given order Ob, which we will frequently identify with the corresponding Ofc-lattice in fc^ via (7.3). 



In this section, we determine the endomorphism rings End(^) and Eiid{A, lb) for {A,lb) coming 
from {E, i) by the construction of the previous section in various cases. We then determine the 
space of special endomorphisms 

L{A, iB) = {xe End(A, lb) \ tr(x) = }. 

We write V{A, lb) = L{A, lb) ®z Q- 

For {E, l)/S, let Oe = End(£;/5') and let B = End'^ (E/S), so that Oe is an order in B, with a given 
embedding i' = l : Ok ^ Oe- First we consider rational endomorphisms. As explained above, we 
have homomorphisms^'^ 



and C := End°(A, lb), is the centralizer of i'{B) in M2(B). Explicitly, a simple computation shows 
that 



^Hcrc (7.3) depends on the choice of S and (8.2) depends on the choice of the free lattice Aq. Both of these choices 

are fixed at the outset. 



9. Special endomorphisms 



(9.1) 




(9.2) 
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where V{E, i) = L{E, l) (g)z Q for 

L{E, l) = {x^ End(£;/S') | x L{a) = x } 
the lattice of special endomorphisms of {E, l) . Thus 

(9.3) V{A,LB) = {[a,l3]£C\tv{a)=0}, 

and L{A, lb) is the space of trace zero elements in the order Oc = End(yl, lb) in C. Note that, for 
x= [a, 13] G V{A,iB), 

(9.4) -x'^ = N{a) + kN{I3). 
From now on, we will suppress i' from the notation. 

Remark 9.1. The construction just explained, based on (9.1), is functorial in E/S. In particular, 
it provides us with idempotents 

'1 



ei 







and 62 = I2 — ei in End°(A/S'). If a special endomorphism x € L{A,lb) is given, then the 
corresponding 'components' arc (3 = eixe2 and a = eixei in End''(£'/S'), and their construction is 
functorial, hence, for example, commutes with any base change. 

Lemma 9.2. Suppose that {E,l)/S is ordinary, i.e., that End{E/S) = O^. Then 
(i) End(A/5) = Oa. 

(a) End°(^, lb) = fc and End(A ts) = Ofc- 
(Hi) L{A, ts) = { a G Ofc I tr(a) = }. 

Proof. In this case, End(A/S') is an order in Af2(fc) containing the maximal order Oa- This proves 
(i). Since V{E,i) = 0, parts (ii) and (iii) are then immediate from (i) and (9.3). □ 

In general, for a CM elliptic curve E/S, we write End°(£;) = B, so that End{E) is an order in B. 
Notice that the matrix g of (7.8) depends only on the lattices A and Aq and not on E. We view 
End(A) and End(Ao) as orders in End°(^) = End°(^o) = M2(B). Then 

End(A) =ffM2(0£;)ff-\ 

and, similarly, 

Oc = End(A, iB) = Cf\ gM2{OE)g~\ 

We now describe Oc and the space of special endomorphisms more explicitly. 

Proposition 9.3. Let Ob = Oa,A,B for a and A as in section 7, and let g be given by (7.8). In 
particular, a = (a) . 

(i) The order Oc = End(A, lb) in C is the set of all 
such that 

f3 e L{E,L)cr-^, a G and a + pX'eOE. 

Here X' is an element of d^^a whose image in d^^a/a coincides with that of X' = aa~^ X. 



26 



STEPHEN KUDLA AND TONGHAI YANG 



Proof. By (7.8), 

g = a' 

so that 



A a ' 



7 = ( " ^ 1 G C C M2( 



^Kf3 a 

lies in Oc if and only if g~^^g G M2{0e), i.e., 

(9.5) _ X -i-;^ eM2(Os), 

\a (k — AA)/3 a — a a ap / 

with ^ = aa~^ (3. 

The conditions that the off diagonal entries lie in are then 
A little case by case calculation gives 

(9.6) min(ordt(,(a),ordtu(a~''^(K — AA))) = ordt(,(a), 
for each finite place w of k. Thus, the off diagonal condition is simply 

(9.7) ^eOEa'^, i.e. /3 G o-^ad"^ = 0"^ 

The diagonal entries in (9.5) lie in O^; if and only if 

a + A/9 G Oe, and a — Xa~^d^ G Oe- 
But the second condition is a consequence of the first condition and (9.7). Indeed, 

a — Xa^a(5 = a + X^ — tr{Xa^^)Pa. 
When w \ 82, so that A„, = 0, there is nothing to check. When w\d2, 

ord^(Aa~^) = ordt,(K) — ord^u(a) = — ordu,(52). 
Thus, tr(Aa~^) is integral, while, by (9.7), 0a)u, G {Oe)w □ 

10. The puUback on arithmetic Chow groups 

In this section, we determine the cycle jj^{Z{t)) on C where, for t G Z>o, Z(t) is the special cycle 
on M defined in [14], [15]. This pullback is defined as the fiber product 

jliZit)) Z{t) 

(10.1) U i 

C ^ M. 

Thus, j^(2^(i)) is the stack over Sch/Ofc which associates to a base scheme S the category of 
collections (£', i, A, i^, a;) with (-E, i) in C(S'), (A, ts) in M.{S) with {^A^^ib) — jA{E,t) and x G 
V{A, Lb) a special endomorphism with Q{x) = —x^ = t. 

We assume that Q(-v/^) and fc are distinct, so that the images of C and Z{t) are disjoint on the 
generic fiber Mq. It follows that the generic fiber of j\{Z{t)) is empty. Since Z{t) is relatively 
representable over by an unramified morphism, [15], (3.4.3), the same is true for j'^i^Zit)) over C. 
In particular, the morphism i is finite and unramified, and the coarse moduli scheme corresponding 
to j*^{Z{t)) is an artinian scheme. 
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On the other hand, recah that in Definition 2.1, wc introduced the moduh stacks Zc{m, a, A, r) over 
C, where we now add the subscript C to distinguish them from the cycles Z{t) on M. The main 
result of this section is the following. 

Proposition 10.1. For t > with Q(^/^) / fc, 

(10.2) jUm)= II Zc{^it-N{a)),a,X',ra), 

tr(a)=0 
N{a)<t 

where ra is the image of a in d~^/Ok and X' G 5^^a/a C d'^a/a. 

Here we view the union on the right side of (10.2) as a disjoint union of stacks indexed by a. No 
terms with N{a) = t can occur, due to our assumption that fc 7^ 

Proof. First we define a functor from j'^{Z{t)) to union on the right side. Given (A, lb, E, i,x) 
over S, wc have components a = eixei G and /3 = 61X62 G L{E,L)a^^ with tr(a) = 
and a + /3A' G Oe- Moreover, t = N(a) + kN{(3). The collection (E,l,I3) is then an object of 
Zc{m, a, A', ra) over S, where is the image of a in d~^/Ok and 

m = N{a)N{l3) = ^(t - N{a)). 

Note that N(P) > 0, so that N{a) < t. This construction is functorial. Conversely, over a base S, 
an object of the right side of (10.2) in the term with index a is a collection {E, t, j3) in Zcijn, 0, A', r) 
where an a G is given by the index, r = r^, and m = lAKi^^Ml . Then we obtain {A, lb,E, l, x) 
by taking A = jA{E) and x = [a,/3]. These constructions are inverses of each other. □ 



11. Fullbacks of Green functions 

In this section, we will compute the puUback j^E{t,v) of the Green function associated to the cycle 
Z{t) and its contribution to the arithmetic degree deg{j^Z{t,v)). We continue to assume that the 
cycles ja(C) and Z{t) are disjoint on the generic fiber. 

We begin by giving a more intrinsic description of the Green function E{t, v) defined in [10] and 
sections 3.2 and 3.4 of [15] for any t G and v G M^. Wc view H(t, v) as a real valued function on 
A4{C); its value on an object {A, lb) oi Ai{C) is defined as follows. Let Tc{A) be the tangent space 
at the identity and let Te(^*°P) be the underlying real vector space, where A*°p is the underlying 
real torus. For x G End{T^{A^°P)), let |iV(x)| = | det(x)|5. Write 

(11.1) End(re(A*°P), is) = [/+ + [/-, 

where (resp. U^) is the space of complex linear (resp. anti-linear) endomorphisms of Te(yl*°P) 
commuting with the action of Ob. If 

X G V{A^°p,lb) = { X G End(A*°P, tfi) | tr(x) = } 

is a special endomorphism of and x G End(re(j4*°P), ib) is the induced endomorphism of 
Te{A^°^), let pr_(x) be its [/"-component. Then we let 

(11.2) E{t,v)iA,iB)= J2 /3i(47ri;|iV(pr_(x))|), 

xGL(A'°P,<,s) 
Q{x)=t 
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where /3i(r) = — Ei(— r) is the exponential integral, [15], (3.5.2). Here recall that the quadratic 
form Q on y(^*°P,iB) is defined by —x^ = Q{x)\(iA- This sum converges if there is no element 
X 6 F(^*°P, lb) with Q{x) = t and pr_(x) = 0. Note that the image in A^(C) of the cycle Z(t){C) 
consists precisely of those (A, is)' s for which such a holomorphic special endomorphism x exists, 
so that the function 'B(t,v) is well defined outside of this cycle. In particular, if t < 0, then there 
are no such holomorphic endomorphisms and 3{t,v) is a smooth function on all of A^(C). 

The relation between this description and that given in [15] arises as follows. Writing A(C) 2± 
Te{A)/L where L is a lattice, we can choose an isomorphism 

(11.3) BK = B(^QW^Te{A), Ob^L. 

This is unique up to right multiplication by an element of O^. Note that 

^ End(Te(A*°P), lb), b^{x^ xb'), 

and, under this isomorphism, 

Ob ^ End{A'°P,iB). 

Also, |A^(x)| is the absolute value of the reduced norm of x. The complex structure on Te{A) is 
then given by right multiplication by an element J € B^, and the decomposition (11-1) becomes 
= [/+ + where is the ±1 -eigenspace of Ad (J). If V is the space of trace zero elements 
in B with inner product {x,y) = tr(xy^), then C V{R) is a negative 2-plane, oriented by the 
action of J, i.e., an element z of the space D. The [/"-component of a; G Ob CiV is denoted by 
pT^{x) in [15], and \{pT^{x),pT^{x))\ = 2|Ar(pr2,(a;))|. We then have 

E{t,v){A,LB) = E{t,v){z) = ^ii'^^^\iP''z{x),pr,{x))\), 

xeOsnv 

N{x)=t 

as an O^-invariant function on D, with singularities at the points z for which pr2(x) = for some 
X in Ob n y with Q{x) = t. 

We now determine the pullback of this function to C(C) under j'a : C(C) — ^ M-{C). The analysis 
of special endomorphism made in section 9 is based on the functorial properties of the Serre con- 
struction. Hence it applies without change to the real tori £'*°p and ^*°p underlying {E,l)/C and 
A = j\{E), and yields the following result. 

Proposition 11.1. Zei B = End°(£^*°P), Ogtop = End(£;*°P) and 

L(£;t°P,i) = { xGEnd(£;*°P) | 

Then 

End(A*°P, lb) = { [a, (3] G M2(B) | (3 G L(^*°p, l) a G d^^, a + /3A' G O^jtop }. 

If X = [a,P] is a special endomorphism, i.e., if tr{a) = 0, then Q{x) = N{a) + KN{f3), where 
-/32 = iV(/3)ids. 

Using this in (11.2), we obtain the following formula for the pullback. 
Proposition 11.2. Assume that t ^ and that Q{y/—i) 7^ k. Then 

E{t,v)ijA{E,i))= J2 -Zc(^(t-A^(a)),L'2«;a,A',ra)(£;,0, 

tr(a)=0 
N{a)>t 

where Zc{m,v;a,X,r) is the function onC{C) defined in (2.4). 
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Proof. Note that, if x = [a,f3] G V{A^°P,iB), then N{x_) = k,N{(3). Also note that A^(/3) < 0, 
and that /3 / due to our assumption that Q(\/— / k. Recall that k = N{a)D Thus 

S{t,v){A,iB)= E /3i(47r.;^^|iV(/3)|) 

x=[a,/3]GEnd(A*°P,tB) ' ' 

(9(x)=t 



tr(a)=0 a+/3A'e0^top 
Ar(a)>t N{a)+KN{0)=t 

^ Zc(^(t-iV(a)),L>2t;;a,A',r«)(£;,< 



tr(a)=0 
iV(a)>t 



where, in the second line, iV(/3) = k ^{t — N{a)) = miV(a) ^, so that 



m=^(t-7V(a)). 



Here recall that A(A') = N{d2). 



□ 



12. The main formula for degj]^{(j){T)). 

We now give a formula for the pullback 

d^gjlikr)) =^d^jl{Zit,v))q\ 
t 

which, by the results of [15], is a modular form of weight | and level 4D{B)o, where D{B)o is the 
odd part of D{B). To express the result, we introduce the theta functions of weight ^, defined by 

e{T-r)= q^^""^ ioired-^/Ok. 

tr(a)=0 
a=r mod Of, 

Theorem 12.1. Suppose that t ^ and that Q(-\/— i) 7^ fc. Then the quantity degj]^{Z{t,v)) is 
the coefficient of g* in the modular form 

(12.1) 0{T;r)^c{D2T;a,X',r), 

tr(r)=0 

where 0c(r;a, A,r) is the generating function defined in (2.10) and D = D{B) = D1D2, as in 
section 7. 



If we assume disjoint ramification, then we have the following stronger result, whose proof will be 
completed in the next section. 
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Theorem 12.2. Assume that A and D{B) are relatively prime. Then 

jUm) = E 0{r;r)MD{B)T;-a,X',r), 

tr(r)=0 

where (f)c{T;a,X,r) is the generating function defined in (2.10). 

Remark 12.3. Note that when, in addition, 2 f A, then by Theorem 2.7, we have 

(12.2) E e{r-r)^c{D2T-a,\',r) = -^^( ^ e{T-r)E*{D2T,s-a,>^,r)\ 

tr(r)=0 tr(r-)=0 



s=0 



Proof of Theorem 12.1. By the results of the previous sections, if t 7^ and Q(\/— 7^ fc, the 
quantity degj^(Z(t, v)) is the sum of the terms 

(12.3) E d;i^c(^a-A^(«)),a,A',r,), 

tr{Q)=0 
N{a)<t 

and 

(12.4) E d^-Zc(^(t-iV(a)),£»2i;;a,A',ra). 

tr(a)=0 
W(a)>t 

The term here for a fixed a is the coefficient of in 4>c{D2t; a, A', r), where 

since A(A') = N{d2). RecaU that A is a generator for the cycHc module 9^^a/a. This gives the 
claimed identity. □ 

For later use, we compute the remaining Fourier coefficients of the modular form (12.1). 
Proposition 12.4. (i) The constant term of (12.1) is 

d^gZe{Q,D2v) = -A'(l,x) - ^ A(l,x)log(£'2t;). 

Note that D{B) = L>2^, and that, when D{B) and A are relatively prime, D{B) = D2. 

(ii) Suppose that t G Z>o with Q(\/— t) = h, and write At = n^|A|. Then the t-th Fourier coefficient 
of (12.1) is the sum of the following terms: 

(a) The contribution where a = ^s/i, 

2 d^Zc{0,D2v). 

(b) Terms given by (12.3), where N{a) < t, and (12.4), where N{a) > t. 
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Proof. Part (ii) is immediate. To prove (i), observe that the constant term of (12.1) is degZc{0, D2V), 
the contribution of the a = term, together with the sum 

(12.5) ^ degZ{m,D2v;a,X',ra), 

aed-^ 

tr(a)=0 

where -N{a) = L>2m. Note that En6°{E^°P) = M2(Q) = fc + kj, where j G L(£;*°P,i), with 
{A,j^)p = 1 for all primes p < 00. Then, in Definition 2.5, /3 = Pj, with /3 e k, and Q(/3) = 
-N{P)f = m/N{a). Recalling that N{a) = k\A\/D{B), we have 

But then, for any p < 00, the Hilbert symbol has value 

1 = (A, N{a))p = (A, N{P) f k)p = (A, ac)^. 

Since {A,K)p = — 1 for p | D{B), this contradicts the fact that B is a division algebra. Thus, no 
such (3 can exist and the sum (12.5) is empty. □ 



13. Arithmetic adjunction and j'^{Z{0,v)) 

In this section, we determine degj^Z{t,v) in the case where k = Q{^/—i) so that jA{C) and Z{t) 
have common components, using the arithmetic adjunction formula, discussed in section 2.7 of [15]. 
We also determine the arithmetic degree deg j^2(0, v) of the puUback of the constant term Z{0, v) 
of the generating function. 

First consider the constant term. 
Proposition 13.1. 

d^jlZ{0,v) = -A'(l,x) - ^ A(l,x) \ogivD{B)). 

Proof. Recah that, [15], (3.5.7), 

.§(0,^;) = -Q - {0,log{vD{B))) e CH{M), 
where Q is the Hodge bundle, metrized as in [14], p. 987. Thus, 

digjlf (0, v) = -2^ hy,i{E) - degQ(C) • \og{vD{B)). 

Here the initial factor of 2 comes in because the pullback of the Hodge line bundle u of Ai, cf. 
section 3.3 of [15] , is the square of the Hodge line bundle for the moduli space C of CM elliptic curves. 
The factor 2hk arises from the fact that the Faltings height h*p^i {E) is given by the arithmetic degree 
of the Hodge line bundle divided by the degree of the Hilbert class field. Finally, the factor in 
the denominator arises from the stack. Also note that degQ(C) = hk/wk. Using the fact that, [14], 
(10.82), 

(13.) lH|M,^||_l,„„.)_i,.^, 

and A(l,x) = 2hk/wk, where A(s,x) is given by (2.8), we obtain the claimed expression. □ 
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Now we turn to the case where t > with Q{^/—i) = k, so that Z{t) and ja(C) are not disjoint on 
the generic fiber, and we write 4t = n^|A|. Then, there is a decomposition, [15], (7.4.7), 

(13.2) Z{t)= 2'^°'{t:c) + Z^'''{t), 

c\n 
{c,D{B))=l 

of divisors on M. The idea is that, in the definition of Z{t), we are imposing an action of the order 

%\\J^-t\ of conductor n, while, along the component Z'^°'^(t\ c) there is an action of the order Oc2|^| 
of conductor c. The divisor 2^™''(t) consists of vertical components in the fibers of bad reduction 
for p I D{B). 

Lemma 13.2. {%) Ij the Ok-lattices A and A' in are associated to two-sided Os-ideals that are 
inequivalent for the right translation action of ^ fl N{Ob), then the cycles 3k{C) and jA'{C) are 

disjoint on the generic fiber. The number of such inequivalent A's is 2°^^^\ where 0(1)2) is the 
number of divisors of D{B) that are inert in k. 
(a) As a divisor on M., 

Z''-(t:l) = 2^jA,(C), 
A' 

where A' runs representatives for the equivalence classes of Ojt-lattices in described in (i) 



Proof. It suffices to check this on the generic fiber, since the cycles in question are fiat over 
Spec(Ofc). The generic fiber of the divisor on the right side is contained in that of the one on 
the left. Note that, by a slight variant of (3.4.5) of [15] with the same proof, 

deg^jZh-(t:c) = 2<'(wM£^. 

Recalling that degQC = hk/wk, we see that the degrees of the two sided coincide. □ 

Remark 13.3. There is an error at this point in Lemma 7.4.2 of [15], where the irreducibility of 
Z^°'^(t : c) is incorrectly claimed, whereas its actual decomposition into irreducible components can 
be obtained by the construction of Remark 3.4.7. 



Let 

Zitr = Z{t)-2jA{C), 

and, for convenience, write Zg = ja(C). Let Z(t,v)° and Zo(tv) denote the corresponding classes 

in CH (M), where the Green functions are defined as in [15], section 3.5. Recall that these Green 
functions depend on the auxiliary parameter v G M>o- Then 

Z{t,v) = Z{t,vy + 2Zo{tv), 

and 

degfZit,v) = deg fZ{t,vr + 2 deg f ^tv) . 

The quantity degj*Zo{tv) is given by the arithmetic adjunction formula, (i) of Theorem 2.7.2 in 
[15]. More precisely, 

(13.3) d^j*Zo{tv) = -d^j*u + dZo + \ Yl ep'ep} Y 9tviznz'), 

p,p'eZo{C) 7er 

P^P' z^-yz' 

where, for z and z' £ D, the function gfy{z, z') is defined in Proposition 7.3.1 and (7.3.42) of [15], 
and where is the discriminant term. In the sum, z (resp. z') is a preimage of P (resp. P') in D. 
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Note that, as explained in the proof of Proposition 7.5.1, p. 226 of [15], a? is the relative dualizing 
sheaf on M. with metric determined by Thus, by Lemma 7.5.2, 

a? = u; + (0,log(4it;£>(B)), 

and 

-d^fQ = -d^fu - degQ(C) \og{AtvD{B)) 

= -2 ^ h*p,i{E) - degQ(C) \og{UvD{B)) 

= -A'(l,x) - ^ A(1,X) ^og{vD{B)) - ^ A(l,x) log(n2|A|). 
Also, the discriminant term is simply 

c)2„ = — log|A| = iA(l,x) log|A|. 
Wk 2 

Lemma 13.4. When D{B) = D2, 

-2d^j*u; + 2D2„ = 2d^Zc(0,L»2i')-A(l,x) \og{r?). 

Next we consider the finite part of degj*^Z{t,v)°. 

Proposition 13.5. Assume that A and D{B) are relatively prime. Then the finite part ofdegjj^Z{t, v)" 
is the sum of (12. S) and the quantity 2 degQ(C) log(7T,^). 

Proof. Here we have to take into account the following rather subtle phenomenon. First, note 
that, for an object {E,i) in C(6'), the abelian scheme ^ = A (S^o^ E has a 'distinguished' special 
endomorphism x = 1 (g) where 2^/^ = nyfK. We utilize the notation of Chapter 7 of [15] 

and refer the reader to that chapter for further details. 

In the case where p \ D(B), the formal branches of i^,Z{t) through a point x G Aip corresponding 
to {A, Lb) are described in Proposition 7.7.4 of [15] as follows: 

ordp(n) 

y€V(A,CB) s=0 
Q(y)=t 

Here i : Z(t) — > Ai is the unramified morphism, and Ws{ip) is the quasi-canonical divisor of 
level s associated to ip, [15], p. 240. If x lies in ja(C), then {jA{C))x = y^oii^yo)^ where yo is the 
distinguished special endomorphism. Thus, 

ordp(n) ordp(Ti) 

(13.4) {i*mX= E E >V.(V',) + 2 ^ Wsii^y,), 

yeV{A,LB) s=o s=i 
Q{y)=t 

where the factor of 2 in the second summand is due to the fact that VVsitpyo) = ^si^P-yo)- I^i 
particular, the component V^oii^yo) has been removed. Recall that the local intersection number 
is given by, [15], Proposition 7.7.7, {Wo{tp) ,Ws{tp)) = mo{p) where moip) = 2 if p is ramified in k 
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and mo{p) = 1 otherwise. Thus, the contribution of the terms in the second summand in (13.4), 
summed over the points of C(Fp), is 

— 2 ordp(n) mo{p) log \k{x)\ = 2 — ordp(n^) log(p). 

It follows that the logp part of degj*Z{t,v)° is given by the \ogp part of (12.3) together with the 
additional term 

(13.5) 2degQ(C)ordp(n2) logp. 



Next suppose that p \ D{B). Again, we begin with a calculation on M. and consider both inert and 
ramified p. Now the formal branches of i^Z{t) through a point x G A4p corresponding to {A,lb) 
can be described using the results about the p-adic uniformization of the special cycles given section 
8 of [12]. We have 

(13.6) {um)x= E ■^(V'?/)-' 

yeViA,i,B) 
Q{y)=t 

where the notation, which differs slightly from that of [12], is as follows. Let {\,lb) be the p- 
divisible group of A with it's Ofi-action and let J\f be the Rapoport-Zink space parametrizing 
special formal Ob modules {X,p), cf. [12], p. 154, where we require the quasi-isogcny p to have 
height 0. A special endomorphism y of {A,iB) gives rise to a special endomorphism ipy of (X, i^), 
and we denote by J\f{ijjy) the locus in J\f where it deforms. This locus was denoted by Z{j) in [12]. 
Finally, we denote by M(ipy)x the branches of M{ipy) at the point x. The decomposition (13.6) 
then follows from the description of the p-adic uniformization of the special cycle given in (8.17) 
and (8.20) of [12]. 

Now suppose that x lies in ja (C) , and let yo be the distinguished special endomorphism. Then 

(13.7) ii*Z{tr)^= E ^{i^y). + ^^{i^yo)r, 

yeViA,iB) 

Q(y)=t 

yi^^yo 

where A/^(V'2/o)™'^ is the vertical part of N{'4)yo)x- Note that the divisors H{ip±yof^^^ have been 
omitted on the right side of (13.6). 

First suppose that p 7^ 2, and write 4t = n^|A|. Then ordp(t) = 2ordp(n) (rcsp. 2ordp(n) + 1) if p 
is inert (rcsp. ramified) in k. The structure of A/"(V'j/o) then shown in the pictures on p. 161 of [12] 
and described in Proposition 4.5. In the inert case, Miipyo)x'^^ consists of a single component of the 
special fiber Aip with multiplicity ordp(n), and the intersection multiplicity at x of this component 
with jA{C) is 1. In the ramified case, M{il^yo)x^'^ consists of 2 components of Mp meeting at x, each 
with multiplicity ordp(n), and the intersection multiplicity at x of each of them with jA{C) is 1, 
cf. Lemma 4.9. Again, it follows that the logp part of degj*Z(t,v)° is given by the logp part of 
(12.3) together with the additional term (13.5). 

Finally, suppose that p = 2. In this case the structure of M{^y„) is given in the appendix to 
section 11 of [14] and in section 6A.2 of [15]. Since the field fc = Q(-\/— t) spits we need only 
consider the cases in which 2 is not split in fc, using the descriptions on p. 187 of [15]. Again we 
write At = n^|A| and t = ep" G Z2. In the inert case (2), there is one 'central' component of 
MiipyoYx"^ ■ It has multiplicity /i = ^ + 1 its intersection number with the divisor ja(C)^ is 
1. Note that ord2(A) = in this case, so that p, = ord2(n). In the ramified case (3), there are a 
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pair of 'central' components of M{ipyo)]c^'^ meeting in a unique superspecial point and each having 
multiplicity = ^. The intersection number of _7a(C)^ with each of these central components is 1, 
and, since ord2(A) = 2, ji = ord2(ra). Finally, the configuration in case (3) is the same as in case 
(2), except that now the multiplicity of the central components is /i = Since ord2(A) = 3, we 
again find that jj, = ord2(n). Thus, we find the same contribution as in the other cases. □ 

Proof of Theorem 12.2. We simply observe that the Fourier coefficients of the pullback that are not 
covered by Theorem 12.1 have now been computed and match those described in Proposition 12.4. 
Note that the archimedean contributions include the archimedean term in the adjunction formula. 

□ 
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